Surface soliton formation and lattice soliton dynamics at an interface between two inhomogeneous periodic media are studied in terms of an effective particle approach. The global reflection, transmission, and trapping characteristics are obtained in direct analogy to linear Snell's laws for homogeneous media. Interesting dynamics related to soliton power-dependent formation of potential barriers and wells suggest a spatial filtering functionality of the respective structures.
The formation and properties of spatially localized waves in periodic nonlinear structures, known as lattice solitons (LS), have been the subject of intense research interest in the areas of nonlinear optics [1] [2] [3] and Bose Einstein condensates in optical lattices, [4] while they are also closely related to solid state physics. In the area of nonlinear optics, these studies have led to the emergence of new research areas where novel phenomena are observed in photonic crystals, photonic crystal fibers, coupled waveguide arrays, and optically induced lattices [1] [2] [3] . Properties of wave localization and dynamics in such media with engineered characteristics suggest potential applications related to all-optical signal processing and optical circuits.
The transverse inhomogeneity of these media results in breaking of the translational invariance. Thus, the existence of traveling waves is generally not ensured, while wave localization can take place in specific positions with respect to the underlying structure [5, 6] . Depending on the complexity of the structure the position and the stability of a LS may additionally depend on its power and width [7] . In addition, LS can be formed at the interface between a periodic and a homogeneous medium (either linear or nonlinear) [8] [9] [10] [11] , or between two dissimilar periodic media [11, 12] . These states, known as surface solitons (SS), are analogous of the so-called Tamm states in semiconductors.
The relative soliton immobility in inhomogeneous structures has led to an extensive study of the existence and the stability of stationary SS in a variety of configurations, while the investigation of LS and SS dynamics is still lacking. It is well known that LS can travel, without significant radiation emission, across an inhomogeneous structure under certain conditions for which the effective potential seen by a LS is weak. This can be either due to a small depth of the modulation of the respective property of the medium or due to the fact that the modulation period of the lattice is much shorter than the LS width.
The present work is aiming towards the reflection and transmission characteristics of such mobile LS at interfaces between two dissimilar nonlinear periodic media (the case of an interface between a periodic and a homogeneous medium can be treated as a special case) and the relation of their dynamics with the existence of SS which are trapped in the boundaries. The formation of SS as well as the reflection and transmission characteristics of a LS incident, at an angle, at such an interface, are described analytically by an effective particle perturbation approach. An effective potential determines the location and the stability type of each SS, which is different for waves of different power and width. More importantly, this potential determines the LS transmission characteristics in an analogy to Snell's law of geometric optics. Interesting nonlinear dynamics related to the presence of potential barriers and wells are demonstrated. The dynamical features are shown to depend strongly on the soliton characteristics, so that different solitons propagating at the same medium can possess qualitatively different dynamical behavior, suggesting a power-dependent spatial filtering mechanism.
The underlying model describing wave propagation in an inhomogeneous, Kerr-type nonlinear medium is the perturbed nonlinear Schrödinger equation
where z and x are the normalized propagation distance and transverse coordinates and is a small dimensionless perturbation parameter. n 0 ðxÞ ¼ AðxÞ sin½KðxÞx þ is the transversely inhomogeneous linear refractive index describing a structure consisting of two semi-infinite lattices interfaced at x ¼ 0 and having, in general, different amplitudes and periods, with a constant phase, AðxÞ ¼ A ðÀÞ þ ðÁA=2Þ½1 þ tanhðaxÞ and KðxÞ ¼ K ðÀÞ þ ðÁK=2Þ½1 þ tanhðaxÞ. (A ðÀÞ , K ðÀÞ ) and ðA ðþÞ ; K ðþÞ Þ ¼ ðA ðÀÞ þ ÁA; K ðÀÞ þ ÁKÞ are the amplitudes and the wave numbers of the left and right side lattices, respectively. The smoothness of the transition at the interface is determined by the parameter a. For small perturbations (small ) the soliton is treated as an effective particle [13] , whose center of mass moves in an effective potential which determines the energy ''landscape'' seen by each soliton. This approach applies for solitons related to the semi-infinite gab of the band structure of the inhomogeneous structure. In order to ensure robust soliton propagation close to the interface, we consider cases where the amplitude and wave number differences (ÁA and ÁK) are not very large. In the opposite case, a stable soliton of one lattice emits a significant amount of radiation as it approaches the interface in order to transform to a stable soliton of the other lattice (or a surface mode) resulting in dissipative dynamical behavior.
Following the standard effective particle approach [13] the motion of the center of mass x 0 is given by the simple Newtonian equation of motion
where for the evaluation of the effective potential one can use the solution of the unperturbed
The effective particle approach is valid when the initial soliton does not break up into multiple solitons and/ or radiation, and this is the case we are interested in this work. The resulting effective potential depends strongly on the relation between three characteristic spatial scales, namely, the soliton width ($ À1 ), the lattice period ($ðK AE Þ À1 ), and the smoothness of the properties variation at the interface ($a À1 ). The general form of the linear refractive index profile n 0 ðxÞ does not lead to an analytical derivation of the respective effective potential. However, the limiting form of V eff far from the interface (at x 0 ! AE1) can be obtained analytically and it is identical to the effective potential of a single lattice lim
=ð2Þ. The properties of the formation and the dynamics of solitons can be directly obtained from the constant Hamiltonian (energy) of the equation of motion (2) H ¼ mv 2 =2 þ V eff ðx 0 Þ from which the phase space of the respective system can be readily obtained.
Far from the interface, similarly to the case of a single lattice, stationary LS are formed at the extrema of the potential with LS with x 0 at the minima (maxima) of the potential corresponding to stable (unstable) modes, for solitons with any [5, 7] . While the asymptotic form of the potential is identical for all , its depth V ðAEÞ depends strongly on the ratio K ðAEÞ =. This depth determines the critical value of the soliton velocity v c ¼ ð2V ðAEÞ =mÞ 1=2 above which a stable LS can be detrapped from the potential minimum and move across the lattice.
Close to the interface not only the strength but also the form of the potential depends strongly on the characteristics of the soliton, namely, on . A variety of qualitatively different forms of the effective potentials occur in the same structure for different solitons, as we show in the following. The number and the position of local minima and maxima of the effective potential provide important information for both the statics and the dynamics of solitons in such structures, that is the location and stability of stationary SS as well as the transmission and reflection of mobile LS.
First, we consider a structure where the interfaced lattices have the same wave number K ðÀÞ ¼ K ðþÞ ¼ 1 and different amplitudes A ðÀÞ ¼ 0:5, A ðþÞ ¼ 1. In all the following examples, we take ¼ 0:01 in order to ensure validity of the effective particle approach, and we consider a smooth property variation having a ¼ 1. The phase (related to the amplitude of the linear refractive index at the interface) plays a nontrivial role in the form of the effective potential and the corresponding soliton statics and dynamics in the structure. For ¼ =2 [ Fig. 3 (left) ] and for solitons with ¼ 0:3, we have two local minima of the effective potential in both sides of the origin corresponding to stable SS. The case of ¼ and a soliton with ¼ 0:3 [ Fig. 3 (right) ], results to an effective potential of opposite sign with the one shown in Fig. 1 (top, right) . The global minimum of the potential close to the interface corresponds to a stable SS. Solitons with initial velocities, corresponding to a total energy level inside the potential well are trapped and oscillate around the position of the potential minimum [14] . The corresponding detrapping velocities can be obtained from the effective potential. This is an important advantage of the effective particle approach because, in addition to determining the stability of a stationary SS (as linear stability analysis could also do), it provides a measure of the degree of stability of the SS in terms of the depth of the effective potential and the detrapping velocity. The latter is related to the launching angle of the soliton at z ¼ 0, and gives the tolerance on the alignment precision for soliton trapping. In Fig. 4 (left) , we show a trapped SS with initial energy less than the local maximum located on the left of origin, oscillating around the position of the potential minimum. For velocities corresponding to initial energies larger than the local potential maximum on the left of the origin [ Fig. 3 (right) ], the amplitude of the soliton position oscillation is larger [ Fig. 4 (right) ], as predicted from the effective potential.
From the previous cases it is shown that the formation of nontrivial effective potential patterns including barriers and wells, in the vicinity of the interface, is mostly related to solitons with large (in comparison to the lattice period) widths (). It is remarkable that for wide LS, although the amplitude of the effective potential is very small sufficiently far from the interface, it has large values close to the interface. This means that although a wide LS does not Finally, an interesting case occurs when not only the amplitudes of the two interfaced lattices are different, but also the wave numbers ðK ðAEÞ Þ. In Figs. 6, we show the corresponding effective potentials for solitons having ¼ 0:9 (left) and ¼ 0:4 (right) in a configuration where A ðÀÞ ¼ 0:5, A ðþÞ ¼ 1, K ðÀÞ ¼ 0:5, and K ðþÞ ¼ 1. It is interesting that the same structure results in a qualitatively different landscape for different solitons. Therefore, for solitons with ¼ 0:9, we have V ðÀÞ < V ðþÞ and reflection can take place only for solitons incident from the left, while the opposite holds for solitons with ¼ 0:4 (Figs. 7). For solitons with ' 0:6 no reflection can take place. Therefore, a power-dependent directional effect is introduced.
In the previous cases we have investigated whether a soliton can be trapped, reflected, or transmitted in the interface between two dissimilar lattices. In the case of reflection, an additional information of interest is related to the position where a LS is actually reflected, which can be quite different under certain parameter selections as shown, for example, in Figs. 7. This difference is manifested as a displacement of the reflected wave from its geometric optics path. For the case of linear wave packets, this effect is referred as the Goos-Häncen shift. For the nonlinear case of LS soliton reflection at an interface and within the effective particle approximation the natural analogue of the Goos-Häncen shift z is defined as the difference in the asymptotic value of the z location of the effective particle as x 0 ! AE1 and the location of a free particle bouncing at the interface [13] . The respective analytical expression is z ¼ R x r AE1 ½v À1 ðxÞ À v À1 0 dx þ x r =v 0 , where v 2 ðxÞ ¼ v 2 0 À ð2=mÞ½V eff ðxÞ À V eff ðAE1Þ and x r is the reflection position given by v 2 0 ¼ ð2=mÞ Â ½V eff ðx r Þ À V eff ðAE1Þ.
In conclusion, by utilizing an effective particle approach, shown in good agreement with propagation simulation results, SS formation and LS dynamics at the interface between two dissimilar inhomogeneous media have been assessed as a power-dependent spatial filtering functionality. The global trapping, reflection, and transmission characteristics have been described in a direct analogy to Snell's law for linear homogeneous media, while an analytic expression for the nonlinear analogue of the linear Goos-Hänchen shift has been obtained. It has been shown that different solitons can have qualitatively different dynamics in the same structure due to power (or width) dependent formation of effective potential barriers and wells. 
